1. Sec. 2.5 Q14

14. Prove the converse of Exercise 8: If A and B are each m X n matrices
with entries from a field F', and if there exist invertible m x m and n xn
matrices P and @, respectively, such that B = P~1 A(Q), then there exist
an n-dimensional vector space V and an m-dimensional vector space W
(both over F'), ordered bases 3 and /' for V and v and ' for W, and a
linear transformation T: V — W such that

A=[T]} and B=[T]}.

Hints: Let V. =F*, W = F™ T = L4, and 3 and v be the standard
ordered bases for F” and F™, respectively. Now apply the results of
Exercise 13 to obtain ordered bases 8’ and 7' from 3 and v via @ and
P, respectively.
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2. Sec. 2.6 Q7(b)

7. Let V = P;(R) and W = R? with respective standard ordered bases (3
and 7. Define T: V — W by

T(p(z)) = (p(0) — 2p(1), p(0) + p'(0)),
where p/(z) is the derivative of p(z).

(a) For f € W* defined by f(a,b) = a — 2b, compute T*(f).
(b) Compute [Tt]g* without appealing to Theorem 2.25.

(c) Compute [T]} and its transpose, and compare your results with
(b).
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3. Sec. 2.6 Q10(abc)

10. Let V=P, (F), and let ¢g,cq,...,c, be distinct scalars in F.

()

(b)

(c)

For 0 < i < n, define f; € V* by f;(p(x)) = p(c;). Prove that
{fo,f1,...,fn} is a basis for V*. Hint: Apply any linear combi-
nation of this set that equals the zero transformation to p(z) =
(x—c1)(x—cg) - (x —¢p), and deduce that the first coefficient is
ZETo.

Use the corollary to Theorem 2.26 and (a) to show that there exist
unique polynomials po(z),p1(x),...,py(x) such that p;(c;) = d;;
for 0 < ¢ < n. These polynomials are the Lagrange polynomials
defined in Section 1.6.

For any scalars ag, ay, . .., a, (not necessarily distinct), deduce that
there exists a unique polynomial ¢(z) of degree at most n such that
q(c;) = a; for 0 < i < n. In fact,

q(z) = Z a;pi(T).
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4. Sec. 5.1 Q13

13. Let T be a linear operator on a finite-dimensional vector space V over a
field F', let B be an ordered basis for V, and let A = [T]3. In reference
to Figure 5.1, prove the following.

(a) If v € V and ¢p(v) is an eigenvector of A corresponding to the
eigenvalue A, then v is an eigenvector of T corresponding to A.

(b) If A is an eigenvalue of A (and hence of T), then a vector y € F"
is an eigenvector of A corresponding to A if and only if gb/gl(y) is
an eigenvector of T corresponding to A.
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5. Sec. 5.1 Q23

23. Use Exercise 22 to prove that if f(¢) is the characteristic polynomial
of a diagonalizable linear operator T, then f(T) = Ty, the zero opera-
tor. (In Section 5.4 we prove that this result does not depend on the
diagonalizability of T.)
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